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Abstract. A representation of the perturbation series of a general functional measure is given 
in terms of generalized Feynman graphs and -rules. The graphical calculus is applied to certain 
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compared with orthogonal decompositions of the Wiener-Ito-Segal type. It is also shown that 
the linked cluster theorem for Feynman graphs extends to generalized Feynman graphs. We 
perturbatively prove existence of the thermodynamic limit for the free energy density and the 
moment functions. The results are applied to the gas of charged microscopic or mesoscopic 
particles - neutral in average - in d = 2 dimensions generating a static field (j) with quadratic 
energy density giving rise to a pair interaction. The pressure function for this system is calculated 
up to fourth order. We also discuss the subtraction of logarithmically divergent self-energy terms 
for a gas of only one particle type by a local counterterm of first order. 
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1 Introduction 

Let X, Y be two real random variables such that their joint distribution has a unique 
solution of the moment problem and (■) the expectation value. Then X and Y are 
independent, if and only if (X"!""^) = (X")(F™) Vn,m e M. On the left hand side of 
this equation there is one moment, but on the right hand side there is a product of two 
moments. This "non-linearity of independence" expressed in terms of moments seems 
harmless, but it has notable consequences in classical statistical physics, where X and Y 
have to be replaced by correlated random variables 4>{x) and (j){y) for x, y in some discrete 
or continuous position space, and the independence is only asymptotic if the distance 
between x and y goes to infinity. The matheamtical formulationis that the translation 
group acts ergodically on the L^-spaceof the underlying measure or, with a little more 
physical flavour, that the statistical system under consideration is a pure phase. 

The "non-linearity" described above in many cases of interest leads to a rather in- 
volved formulae for the moment functions {(j){xi) ■ ■ ■ The asymptotic independence 
can however be "linearized" by passing through a combinatorial procedure to truncated 
moment functions that fulfill {4>{xi) ■ ■ ^ if the separation of the arguments 
Xi, . . . ,Xn becomes large. 

This basic principle is mostly used in calculations, where the asymptotic independence 
is decisive, like in practically all problems connected with the thermodynamic (TD) limit. 
In particular this applies to perturbative expansions, where often a sufficiently fast de- 
crease of the truncated functions is all what one needs to carry out the TD limit order by 
order and to calculate low orders explicitly. Quite often, it is convenient to use graphs to 
keep track of all the terms that appear in the expansions. A number of excellent textbooks 
are available on this by now classical topic, see IHl !ini UHl !2ni !2I1 !22| to cite only a few. 

In modern texts on the subject, the combinatorial structure of these expansions has 
been distilled into the notion of abstract polymer system, which is sufficiently flexible 
to be applied in most classical situations, like spin systems, systems of particles in the 
continuum and Euclidean quantum fleld theory. The handling of this concept however 
depends on the physical situation, where some insight is needed to flnd out what the 
polymers are and what is the activity function. While this is satisfactory from the point 
of view of the given application, conceptually it is somehow less clear. 

In this article, we give a perturbative high temperature expansion for the moment 
functions and the free energy density of a large class of systems of statistical physics, 
containing in particular the ones named above, that is to a large extent independent of 
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the nature of the unperturbed system under consideration and works for a large class of 
interactions. The expansion is only based on the elementary combinatorics of "truncation" 
and hence the fundamental feature of (asymptotic) independence. The motivation mainly 
stems from the Feynman graph calculus in perturbative Euclidean quantum field theory 
(EQFT), see e.g. fOl^JI^, which we generalize from Gaussian to arbitrary functional 
measures using Feynman graphs with two kinds ("empty" and "full") of vertices. Full 
vertices are the known interaction vertices whereas empty vertices with n legs simply 
symbolize a truncated n-point function. 

The article is organized as follows: Basic notations are collected in Section |21 and 
the perturbation series is introduced. In Section |21 we develop our generalized Feynman 
graph calculus, which we apply in Section 0] to some measures of Levy type that have 
relations to particle systems and quantum field theory, see the references [1-5], containing 
Gaussian Euclidean quantum field theory as a special case. In fact, for this more general 
class of models the Feynman rules are particularly simple, just as in the Gaussian case. 
In Sectional we introduce a general and measure independent definition of Wick-ordering 
that is based on the graphical notion of self-contraction. It coincides with orthogonal 
decompositions of the Wiener-Ito- Segal type jTUl US 12^] if and only if the underlying 
measure is Gaussian. It is also shown that Wick-ordering removes ultra-violet divergences 
in d = 2 dimensions for a class of models [H] containing also certain fields of Levy type. 
The linked cluster theorem for generalized Feynman graphs is the topic of Sectional where 
we give a proof which is only based on the combinatorics of truncation. We apply this 
result to prove the existence of the TD limit of the free energy density in perturbation 
theory. It is rather simple to extend the results to the TD limit of moment functions using 
a Schwinger term, which is done in Section [7| In Section |H1 we finally apply the results of 
Sectioninito some particle systems in the continuum - microscopic and mesoscopic - where 
the number of graphs is very effectively reduced. We consider a gas of charged particles 
that is neutral in average and interacts via a 0^ energy density of the static field generated 
by the particles. The pressure function for this system in = 2 dimensions is calculated 
up to 4th order. Even though the topic of ultra-violet divergences and renormalization 
to a large extent is beyond the scope of this article, we sketch the renormalization of the 
perturbation series by a local counterterm for a gas with only one type of particle and 
logarithmic self-energy divergences, which to some extent is similar to Gaussian 0^-theory 
in d = 3 dimensions. 



2 Perturbation series for general functional measures 

Let c/ G N be the dimension of the underlying space^ (space-time in EQFT). Let 
z/ be a probability measure on the measurable space {S',B), where S' = S'(R'^) is the 
space of tempered distributions and B = B{S') the Borel cr-ring generated by the open 
sets of the weak topology on S'. For F : S' —>■ M. or F : S' ^ C i^o-integrable, we set 

-'^ Obviously, most of the considerations of this article remain valid if one replaces M'* and the Lebesgue 
measure dx with an arbitrary metric space X with a sigma finite measure a{dx). 
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{F), = J^,F{<p)diy{<p). 

In this article, we consider the perturbation theory for a "free" probabihty measure 
z/q on {S', B) which is subject to the following conditions 

1. Uq is supported on continuous functions; 

2. All moments of uq exist; 

3. 1^0 is translation invariant; 

4. The translations are mixing ^ on L^(z/o). 

The first condition does not hold true for many examples, e.g. the Euclidean free field 
measures of QFT. In such cases, we tacitly understand the measure as the ultra-violet 
regularized version of the measure of interest. Problems of renormalization would arise in 
the perturbation series when removing this cut-off. This problem is well-studied in EQFT, 
where uq is Gaussian. An investigation of renormalization in the general, not necessarily 
Gaussian, case would be of interest but is beyond the scope of this work, see however 
Sections El and |H1 for some first steps. Property no. 2 is an obvious prerequisite for doing 
perturbation theory w.r.t. polynomial interactions. The remaining properties 3. and 
4. technically only become important when discussing thermodynamic limits (removing 
IR-cut-offs) . But they are the main justification for our graphical approach in the next 
section and that is why we adopt them from the very beginning. 

Let v{(f)) = J2p=o -^p ^ polynomial with p even and Ap > 0, A a bounded measur- 
able set in Mf^ and (p a function from the support of uq. We define 

Va{<P)= [ v{<P)dy. (1) 

J A 

For (f) E S' \ suppz/Q we set Va(0) = |A| t>(0) with |A| the Lebesgue volume of A. 
Lemma 2.1. Va '■ S' is measurable. 

Proof. Note that suppz/g by definition is a measurable set. For y G A and (p E S' define a 
map Cy : S' ^ R hj setting 6^,(0) = lsuppuo{(p)(p{,y)- Then Cy is measurable as a pointwise 
limit limit of the measurable expressions lsuppiyo(0)(^^5 0) where 6y is an approximation 
of the Dirac measure in y by C^(M'^) test functions. Here we needed Condition 1 to 
establish pointwise convergence. Now, v{ey{(f))) is measurable in and continuous in y. 
The integral (Q) thus converges as a Riemannian sum and hence V\ is measurable as 
pointwise limit of measurable functions. ■ 

Later on we will feel free to replace the constants Xp with continuous functions Xp{y), 
this obviously does not affect Lemma f2. II 

^The only invariant functions in that space are in the equivalence class of the multiples of the identity 
function. Furthermore limt^oo(i^-ffta)i/o = {F)ya{H)uo for F, H e L'^ii^o) a G M''\{0} andHa(0) = H{(f)a) 
with (f>a being the translation of 4> £ S' by a. 
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The interacting measure ua is defined by 

rfz/A(0) = e-''^^^) duoi^) , = ZiA, Ao, . . . , A^) = (e"^^)^^ . (2) 

In this work, we perturbatively solve the following problems 

1. Calculate the moments Z\{(j){xi) ■ ■ ■ 4>{xn))uA of the non normalized measure Z/^uj^. 
In particular, for n = 0, we calculate the sum over states Z\] 

2. Calculate the free energy density f\ = logZA/|A|. 

3. Calculate the moments ■ ■ ■ (f){xn))uA of the interacting measure z/a; 

4. Remove the infra-red cut-off A for the free energy density and the moments of z/a. 

The term perturbatively means that we first expand into powers of V\. Take e.g. problem 
no. 1: 

ly 



Za(0(xi)---0(x„)),^ = ^^^(0(xi)---0(x„)V7) 



m=0 



yLlL y / 



m=0 pi,...,pm=0 



V ■ ■ ■-^p™(0(a;i) ■ ■■(l)ixn) 



(3) 

The first identity in Q has to be understood in the sense of formal power series in the 
coupling parameters Ai, . . . , Ap. For many measures of interest, the right hand side of © 
does not converge but (for ACM'' fixed) only gives an asymptotic series, cf. the Lemma 
l2.2l below. The second identity is due to Fubini's lemma making use of conditions^ 1) and 
2) on z/q. 

Lemma 2.2. Let X,V G nq>iL'^(z/o) with V bounded from below. Then (Xe"^^),^,, at 
X = is infinitely differentiable from the right. Hence, the Taylor series expansion exists 
at X = (but is not necessarily analytic at that point). 

Proof. As {Xe~^^)^g is right differential at A = if and only if e~^''{Xe~^^)^g = 
(Xe^^'^^+^^),^„ is differentiable from the right, we can assume V to be nonnegative. Then 
|(e~^^ — 1)/A| < for A > and the differential quotient can be done inside the expec- 
tation bracket by Lebesgue theorem. For A > the right derivative is {XV e~^^)^Q and 
now the argument can be iterated as XV G nq>iL'^ (uq) . ■ 

To evaluate the perturbation series, one has to calculate the m-th summand on the 
right hand side of Eq. Q. It obviously only depends on the moments of the free measure 
uq. One can argue that for a ergodic measure the truncated moment functions (to be 

•^The technical formulation of condition 1) and 2) should include that <j>{xi) ■ ■ ■ (j){xn) are L^(fo)- 
integrable for all xi, . . . , a;„ G M'' and that the moments of i/q are continuous in xi, . . . , a;„. 
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defined below) are more "elementary" than the moments themselves and there are inter- 
esting examples that illustrate this point of view. It is therefore desirable, to expand © 
into such "elementary" objects. The combinatorial book-keeping of this expansion will 
be done utilizing a generalized kind of Feynman graphs. 

3 A graphical representation of the combinatorics of 
truncation 

The calculus of generalized Feynman graphs that is being proposed here is a device to 
decompose the moments in the perturbation series 

pi,...,p,n=0 ^ 

into truncated^ objects. In order to explain this point of view, let us recall some well- 
known facts. For a measure i^q that is mixing, we have the cluster property for moments 

lim • ■ • (j){xj)(f){xj+i + at)--- + at))^^^ = ■ ■ ■ (pixj))^,, ■ ■ ■ 0(a^n))z.o 

(5) 

and we note that this equation formally is non-linear in z/q. Passing from ordinary moment 
functions to truncated (connected) moment functions just provides a linearization of this 
equation. As objects fulfilling a linear equation often are more simple than objects that 
fulfill nonlinear constraints, it is a reasonable step to decompose (@]) into such truncated 
objects. Of course, these general considerations have to prove useful when dealing with 
concrete examples. 

Let us now pass on to the technicalities. Let J C N be a finite set. The collection of 
all partitions of J is denoted by V{J). A partition is a decomposition of J into disjoint, 
nonempty subsets, i.e. / G V{J) ^ 3k e N, I = {h, . . . ,4}, Ij C S", n /; = V 
l<J<l<k, Uti/i = J- 

Definition 3.1. Let J C N be a finite set and {J)uo = (Iljej 0(^i))i^o ^e the collection 
of moment functions of z/q. The truncated moment functions (^)^q = {Yljej ^i^j))uo '^^ 
are recursively defined (in jl^ G N) as follows: 

(^)^o= E n<^')^o (6) 

/e-p(j) 1=1 

''Depending on the background, truncated moments are also called " cummulants" , "Ursell functions" 
or " connected Greens functions" . The notion " truncated moment functions" or equivalently " truncated 
Schwinger functions" stems from quantum field theory, which here is the main source of inspiration. In 
the literature, the term "truncated Greens function" often is used for a evaluation of a graphic object 
with "amputatded" outer legs. Such objects in this text shall be called "amputaded" (truncated) moment 
functions. 
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Also, we sometimes identify J C N with the random variable • 



that 



It is well known 



Fl. The truncated moment functions are symmetric under permutation of their argu- 
ments; 

F2. © ^ limt^oo(0(a;i) ■ ■ ■ (f){xj)(f){xj+i + at) ■ ■ ■ (p{xn + at))l^ = Vn, j G N. 

Hence, by F2), truncation in fact "linearizes" (5). 

Obviously now one can expand the moment ■ ■ ■ (j){xn)4>^^{yi) ■ ■ ■ 4>^'^{ym))uo in dH) 

into truncated objects. To illustrate, how this allows the passage to generahzed Feynman 
graphs, let us consider a two point function in second order (/(^-perturbation theory, i.e. 
take in (jU n = m = 2 and Pi = P2 = 4 and expand into truncated objects. If we consider 
one partition, see e.g. the one in Fig. 1, we obtain a graph as follows: We replace all 
sets in the partition, symbolized in Fig. 1 by ( ) . with a new type of vertex " o " that 
is connected through edges with all points in that set. This is just a more handy symbol 
for the same thing. One then obtains the graph in Fig. 1. 

We now formalize the considerations of the above example. A graph is a geometrical 
object which consists of vertices, i.e points in Mf^, which can be of different types (in our 
case: inner/outer, full/ empty, cf. Table 1), and non-directed edges, i.e hues connecting 
exactly two vertices (intersections of lines are ignored). We use the term "leg" for the 
part of the edge meeting the vertex, see Fig. 2. A special kind of graphs - generalized 
Feynman graphs - occur can be associated with the expansion of (j3)): 

Definition 3.2. Let n, m,pi, . . . ,Pm G Nq be fixed. A generalized n-point Feynman graph 
with m interaction vertices of type pi, ■ ■ ■ ,Pm is a graph with n outer full vertices x, m 
inner full vertices • with pj the num- 
ber of edges connected to the j-th inner full 
vertex and an arbitrary number of empty in- 
ner vertices o with an arbitrary number of 
edges such that each edge is connected with 
exactly one vertex of full and one vertex of 
empty type. By definition, full vertices are 
distinguishable and have distinguishable legs whereas empty vertices are non distinguish- 
able and have non distinguishable legs^'^, cf. Fig. 2. 





Full 


Empty 


Inner 


• 


o 


Outer 


X 


)8 



Table 1: Different types of vertices. 



^More formally: An empty vertex with non-distinguishable legs is a point in M"^. A full vertex with p 
legs is given by the elements {{y, 1), . . . , {y,p)} where y G R*^ is the point associated to that vertex and 
{y, j) are the legs, j = 1, . . . ,p. Let Aii he the collection of all empty vertices and all legs of full vertices. 
Let be the set of all non ordered pairs of A^i. A graph is a subset of A^2- A generalized Feynman 
graph is a graph such that each pair in the graph consists of one point (empty vertex) and one leg of a 
full vertex. 

^Note that empty outer vertices will not be needed in this work. They are however useful in connection 
with generalized renormalization group equations where the flow can be expressed in terms of amputated 
moment functions and graphs, see 
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Figure 1: A partition / = {Ii, . . . , I4} oi n — 2 outer points xi,X2 and 8 = 2x4 inner points 
corresponding to one term in the 2nd order perturbation theory of the two point function in (f>* theory. 
The first "vertex set" Ji is the set of the first four inner points which take the value yi and J2 the set of 
the remaining four inner points that take the value the value y2- Above, the corresponding generalized 
Feynman graph is displayed. 

Let n,m,pi, . . . ,Pm G and X, Ji, . . . , C N disjoint sets be given s.t. = 
n, jjJi = pi,...,tlJm = Pm- Then we can construct a one to correspondence between 
V{X U [J^i Ji) and the Feynman graphs with n full outer vertices and m full inner 
vertices of type pi, . . . ,pm that is given in the following way: Pick an arbitrary (but fixed) 
bijection between the distinguishable outer points and X. Pick also bijections of the 
legs of the j-th vertex with pj (distinguishable) edges and Jj, j = 1, . . . ,m. Let G be a 
graph as described in Definition EUl Suppose that there are k empty inner vertices in the 
graph. Give an arbitrary number I = 1, . . . , k to each inner vertex. For the Z-th empty 
inner vertex let /; be the set of all points in X U IJj=i -Jj ^^at correspond under the to 
the given bijections with the edges connected to that empty vertex. The the partition 
associated to G is given by / = {Ji, . . . , 1^}. 

Conversely, let J = {/i, . . . , Ik} G V{X U IJl^Li -Ji) be given. Draw n outer full vertices, 
m inner full vertices with pi, . . . ,Pm legs and k inner empty vertices with jjJi, . . . , jj/fc legs. 
Connect the legs of l-th inner empty vertex with all the legs of inner full vertices or outer 
full vertices corresponding - under the fixed bijections - to the points in / = 1, . . . , fc. 
The result obviously is a generalized Feynman graph. Hence one obtains a mapping from 
V(X U Uz^i "^i) to the generalized Feynman graphs as described in Definition 13.21 The 
inverse of this mapping clearly is the mapping described in the previous paragraph and 
vice versa. We have thus deived 

Lemma 3.3. Let n,m,pi, . . . ,Pm G Nq and Ji, . . . Jm as above. Then there exists a one 
to one correspondence between V{X U Uz^li Ji) ^'^'^ generalized Feynman graphs as 
described in Definition \S.Sl 

Given the interaction polynomial f (0) = J2p=o ^p4>^^ ^ip-^ ^) = ^ip-^ ^) be the 
collection of all generalized Feynman graphs with n outer full vertices and m inner full 
vertices such that each inner full vertex has a number p of edges such that 1 <p <p and 
Ap 7^ 0. The following definition that assigns a numerical value to each Feynman graph 
in the physical literature goes under the name "Feynman rules": 

Definition 3.4. Let G G J-'{n,m) and Xi, . . . ,x„ G M'' be given. Then the real number 
Va[G'] = Va[G'](xi, . . . , Xn) is obtained in the following way: 
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Figure 2: Distinguishable and non-distinguishable legs 



1. Assign the values Xi, . . . , x„ to the outer full vertices of the graph and assign arbi- 
trary values yi, . . . ,ym to the inner full vertices; 

2. For each inner empty vertex with / legs multiply with a truncated /-point moment 
function with arguments given by the full vertex points where the / edges connected 
to that vertex are ending; 

3. Multiply with Xp for each inner full vertex with p legs; 

4. Integrate the inner full vertices yi, . . . ,ym over A (w.r.t. the Lebesgue measure). 

The value of Va[G'](xi, . . . , Xn) is obviously just the one of the term in the expansion 
of (jH) into truncated objects that corresponds to the partition associated with G. Note 
that by Fl) this value is independent of the bijections between legs of full vertices and 
the sets Ji, . . . , Jm- In general, it does depend on the chosen bijection between X and 
the outer full vertices, this dependence however is eliminated in sums over all generalized 
Feynman graphs. Combining Lemma 13.31 Definition 13.41 and Equation |3] one thus gets 

Theorem 3.5. The n-point functions of the non-normalized interacting measure Z/i^u^ 
are given in the sense of formal power series by a sum over all generalized Feynman graphs 
with n exterior full points that are evaluated according to the Feynman ruled fixed in Def. 



All graphs that differ only by the labelling of full inner vertices and edges of inner full 
vertices give the same value Va[G']. The equivalence class of graphs under permutations 
of legs of full vertices and full vertices is called topological generalized Feynman graph 
and the perturbation series in Equation (|7j) can equally be expressed through a sum over 
topological Feynman graphs where the multiplicity factor, i.e. the number of elements in 
the equivalence class, is built in into the Feynman rules. Calculating the multiplicity in 
concrete cases can be rather complicated. A first step in that direction is to make the 
legs at a full interaction vertex non-distinguishable: 

Corollary 3.6. // one replaces the interaction density f(0) = J2p=o'^p'P^ ^^^^ "^(0) = 
Y%=Q \ generalized Feynman graphs and rules change in the following way : the • 



I.e. 




(7) 



m=0 



GeJP"(n,m) 
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vertices are treated like vertices with non- distinguishable legs. When evaluating, for each 
inner full vertex "• " one has to multiply by 



YY tli^dges from • to o}! 

all " o " vertices 
directly connected 
to • by an edge 

The advantage of this prescription is that treating the edges at the interaction vertex as 
indistinguishable considerably reduces the combinatorics of generalized Feynman graphs. 

A further reduction of this combinatorics takes place, if certain truncated moment 
functions of vq vanish identically. Then, one can omit the corresponding empty vertices 
from the perturbation series. A particularly interesting case arises from the following 
well-known fact 

F3. All odd truncated moment functions vanish if and only if all odd moment function 
vanish. 

Corollary 3.7. Let the measure vq be symmetric under the mapping —0, i.e. 
pq{A) = uq^—A), W a E B. Then one can omit all such generalized Feynman graphs 
from the perturbation series that have an empty inner vertex with an odd number of legs. 



4 Application to certain functional measures of Levy 
type 

In this section, we give a justification to the general procedure of Section El by the means 
of examples. In particular, we consider the case where uq is a convoluted generalized 
white noise measure in the sense of |T]. This gives a unified treatment of the perturbation 
expansion around the Gaussian Euclidean free field measure in QFT and the case the high 
temperature expansion of classical, continuous particles in the grand canonical ensemble, 
cf. jU EI and Section |H| In the first - Gaussian - case, generalized Feynman graphs and 
rules reduce to the classical Feynman graphs and rules. In the more general Levy case, 
one still obtains Feynman rules that are very close to the original ones of R. P. Feynman 
Pm IS]. This simple observation, namely that full and empty vertices in the Feynman 
rules can be treated on the same level, is the crucial argument in favor of the generalized 
Feynman graph formalism of Section |21 

Firstly, let us recall some well-known technicalities: Let C : S —>■ C with S the space 
of Schwartz test functionsover M°'. The Frechet derivative of C at h E S in direction 
M G 5 is by definition = limt^o,t^o(C(/i + tu) — C{h))/t provided this limit exists. 
The functional derivative of C{h) w.r.t. (j){x) is defined as = lim^^^^ where 5^ 
is the Dirac measure of mass one in x an the convergence u ^ 5^ is in the sense of the 
weak topology of signed Borel measures in W^. 
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It is easy to show that the characteristic function C^oih) = {e'^^'^'^'^) of the measure 
z/q under the conditions 1. and 2. of Section |21 has functional derivatives of arbitrary 
order. Obviously, C^^^ is the generating functional of the sequence of moments of z/q, i.e. 
{^{xi) ■ ■■^M)uo = i-^T 5HxryMixJ h=o- Let Cj^ = logC,, then Cj^(/i) is well defined 
for /i G iS sufficiently small as C^^ih) is continuous in h and C(0) = 1. Furthermore, also 

has functional derivatives of arbitrary order. The crucial fact needed in this section 
is the basic linked cluster theorem 

F4. Cj^^ is the generating functional of the sequence of truncated moment functions. 

Minlos theorem [T^ establishes a one to one correspondence between characteristic 
functionals C : 5 C ( positive definite normalized C(0) = 1 and continuous) random 
fields Tj indexed by S (up to equivalence in law), cf. [12], and probability measures po on 
(5', B) given by C{h) = (e^^''^)po = ]E[e*'''^'*^]. To define a measure po, it is thus sufficient to 
write down its characteristic functional. Let us do this for noise (infinitely divisible and 
non-correlated at a distance) measures of Levy type. 

Let ip : W C he a Levy characteristic (conditionally positive definite, normalized 
ip{0) = and continuous) |7j that is infinitely often differentiable at zero. Then, iplt) has 
the following representation 

2 /■ 

i){t) = iat-^t^ + z (e*^*- l)dr(s), (9) 

2 iR\{0} 

where a G M, o"^, 2; > and r is a probability measure on R \ {0} that has all moments. 
The first term in is called deterministic, the second one Gaussian part and the third 
one Poisson part. If z > 0, the representation Q is unique. It is well-known, cf. Theorem 
6 of 1^ p. 238, that Cp^{h) = exp{J^a i'ih) dx}, h & S, defines a characteristic functional. 

Let Po be the associated measure on (5', B) and 77 the associated coordinate process, 
i.e. r]{h){uj) = oj{h) Wh E S,uj E S'. We consider the linear stochastic partial differential 
equation (SPDE) L(j) = t] with L : S' S' a. partial (pseudo) differential operator with 
constant coefficients and with Greens function ^ : M*^ M, i.e. g * Luj = uj for uj G S' . 
As the most relevant case, we consider L = (—A + mg)" for a > 0, tuq > and A 
the Laplacian on R'^. Then, the solution to this SPDE (p = g * t] exists pathwisely. As a 
canonical process it is equivalent (in distribution) to the coordinate process of the measure 
uq on {S', B) with characteristic functional 

Co(/i) = exp{ / i{j{g * h) dx}. (10) 

It is easily verified that for L = (—A -|- ml)^ and a, z = 0, uq is the free field measure 
of Euclidean QFT (Nelson's free field measure, cf. fOll^Sl)- But also in the more general 
case considered here, connections with quantum field theory can be made explicit pp. 

It turns out [1^ that the measure uq obtained in this way fulfills the conditions 2. - 
3. of Section 121 however in general does not fulfill Condition 1. This can be seen as a 
ultra-violet problem and can be removed replacing g with ge = g * Xe where Xe ^ <S is an 
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approximation of the Dirac delta distribution in zero, Xe ~^ in <S'- The measure with 
characteristic functional (fTUI) where g is replaced by then also fulfills Condition 1^. In 
the following we will tacitly assume that measures uq are suitably ultra-violet regularized 
and we do not write the superscript e. Some simple examples, where the ultra-violet cut- 
off can be removed in the perturbation series can be found in the Sections |S1 and |H1 The 
ultra-violet problem for the general case of convoluted Levy noise has to be postponed. 
Combination of F4. with ()10|) now yields 



2 

X — n ~ \''^v-^i; " " " rv-^ny/vo 



{4>{xi) ■ ■ ■ (t){xn))l,. =Cn g{xi - z) ■ ■ ■ g{xn - z) dz , (11) 



where 



''^"'^^^^|,=o = <ia + 5„,2a2 + z / s-dr{s), (12) 



M\{0} 



^n,n' being the Kronecker symbol. Note that the property F2. obviously holds for the 
truncated moments (11) for g of sufficiently fast decay. From equation (11) one now 
obtains the Feynman rules for convoluted Levy type noise: 

Theorem 4.1. Let G G J-'{n,m) and Xi, . . . ,x„ G M'^ be given. For the case of a convo- 
luted Levy noise measure vq the value ofVi\[G] = VA[G](a;i, . . . ,a;„) can be calculated as 
follows: 

1. Assign the values Xi, . . . ,Xn to the outer full vertices of the graph and assign arbi- 
trary values yi, . . . ,ym to the inner full vertices and zi, . . . ,Zk to the inner empty 
vertices where k is the number of such vertices; 

2. For each edge in the graph going from a full vertex xj or yj to an empty vertex Zg 
multiply with the "propagator function" g{xj — Zg) and g{yj — Zg), respectively; 

3. For each inner empty vertex with I legs multiply with ci; 
4- Multiply with Ap for each inner full vertex with p legs; 

5. Integrate over all inner vertices yi, . . . ,ym and zi, . . . , Zk (w.r.t. the Lebesgue mea- 
sure) - full vertices are being integrated over A and empty ones over W^. 

In Theorem 14. H the constants q, / G N, take the role of coupling constants of empty 
vertices. Hence empty and full inner vertices in the Feynman rules are treated on the 
same level - at least in the thermodynamic limit A W^. 

Let us consider the centered Gaussian case a = z = as a special case. Then, q = 
for Z = 1 and I > 3, cf. (jlOj) . Hence all graphs containing empty vertices with a number of 
legs not equal to two give a zero contribution. The remaining two legged empty vertices 
1 o 2 = C2g * g{xi — X2) can be identified with a straight line of a new type. Hence one 
obtains the classical Feynman graphs and -rules as a special case: 



"^Vq is the image measure of i/o under the mapping S' 3 (j) ^ (/) * Xe ^ C° 
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Fi gure 3: Identification of a generalized Feynman grapli witli propagator g witli a classical Feynman 
graph with propagator gi in the case of a Gaussian functional measure. 

Corollary 4.2. In the case where uq is a centered Gaussian measure, i.e. a = z = 0, 
there exists a one to one correspondence between the generalized Feynman graphs that 
give non-zero contributions in the Feynman rules, i.e. that contain only two-legged empty 
vertices, and the classical Feynman graphs, cf. Fig. 3. 

Furthermore, the generalized Feynman rules of Theorem \4 . 1\ with propagator function 
g applied to a generalized Feynman graph and the classical Feynman rules applied to the 
corresponding classical Feynman graph with propagator gi = C2 9 * 9 give the same result. 

Remark 4.3. In |[T| the moment functions of convoluted Levy noise have been analytically 
continued to vacuum expectation values (Wightman functions) of a local, relativistic QFT 
that fulfill all Wightman axioms [2^] except positivity. Thus, for the non-interacting case, 
there is a correspondence between convoluted Levy noise and a relativistic, local quantum 
field theory with indefinite metric pj. 

It is an interesting speculation that this correspondence exists also in the interact- 
ing case. We note that by Theorem 14.11 all Feynman graphs correspond to a Feynman 
graph in some Gaussian theory with modified propagator and interaction structure. The 
contribution to the Wightman function that corresponds to such a graph, is known at 
least in principle, i.e. in non-renormalized form fHlElESl- It is natural to conjecture, 
that the analytic continuation of the function corresponding to the Euclidean Feynman 
graph is given by that part of the Wightman function. One can show that the analytic 
continuation obtained in jT] is equal to the expression in [121 1211 121] obtained for the 
sectorized star graph. Hence this conjecture holds for star graphs (11). 

If it would be true in general, one would obtain a perturbative correspondence of 
convoluted Levy noise with local, polynomial interactions and local, relativistic Quantum 
fields with indefinite metric. In particular, the expectation values of products of the 
static field of a ensemble of interacting particles, see |31 |3] and Section |H1 for further 
explanations, would have a relativistic, local Wightman function as its counterpart, as 
already conjectured in [S]. The above argument above gives new evidence in favor of this 
conjecture. ■ 

5 Wick— ordering vs Wiener- It 6- Segal chaos decom- 
position 

In this section we give the notion of Wick ordering for a general functional measure. 
When removing ultra-violet cut-offs, take e.g. e \ in the examples given in Section ^ 
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Figure 4: Self-contractions at a 0^ interaction vertex. 



some graphs in the expansion introduced in Section IHl will diverge. The reason for these 
divergences is that the truncated moment functions of a non-uv-regularized measure have 
singularities when two or more of its arguments coincide. The worst of these cases, i.e. 
the one with the strongest divergences, certainly is the one when all of the arguments 
of a truncated ?7,-point moment function coincide and a term ~ {4'"'{y))uo occurs in the 
Feynman rules. In graphical terms, this situation corresponds to a self-contraction, i.e. 
to the case where all n legs of an empty vertex are connected to one and the same inner 
full vertex, cf. Fig. 4. Wick ordering - as it is understood here - removes graphs with 
self-contractions from the perturbation series. In the general case, this does not yet render 
the perturbation series finite, and more sophisticated procedures of renormalizataion have 
to be applied to achieve that. Some remarkable exceptions - Gaussian and not - in c? = 2 
dimensions will be discussed at the end of this section. We also clarify the relation of 
Wick ordering in the given sense and the decomposition of L^(z/o) by means of orthogonal 
polynomials, e.g. of Hermite piU |2S] or Charlier jT^ [T7j type that goes under the name 
of Wiener-Ito-Segal chaos decomposition. 

Let X C N a set of numbers and Y G L'^{i'o) a random variable. When considering 
X U {Y} as a collection of + 1 objects, we can use Definition IH.ll to make sense of 
ex 4>{xj)Y)i^^ ■ Here the symbol (T) is being used instead of T in order 
to symbolize that the random variable Y in the combinatorics of Def. 13.11 is treated as 
one object in order to avoid ambiguities if e.g. Y = (p{yi) ■ ■ ■ (f){yn)- The field entries from 
X = Yljex ^i-'^j) combinatorially are treated as distinct objects. We are now looking 
for another random variable, denoted by : X :=: X i^^q, that has the same L'^{i'o) inner 
product with an arbitrary L^(z/o) random variable as X with the exception that there are 
no self-contractions in X, i.e. 



Y)u, = {XY)^JJ WeL\v,). 



(13) 



By Def. 13.11 one has 



k 



{XY) 



iev(xu{Y}) 1=1 



k k k 



(14) 




We note that only the k = 1 term in the first sum of (jl4j) appears on the right hand side 
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of (fT^ . Hence, using linearity in Y, one can show that the following is the only solution 
to (ini): 

Definition 5.1. For X C N with = 1 let : X := X - {X)^^. Let now X C N with 
jjX > 1 and suppose that : J : is already defined for J C N with < ^X. Then 

k k 

:X:=X-(X).,- ^r- U^Wl- (15) 

lev(x) j=i 1^1 

I={Il -ffc},fc>l ir^J 

recursively defines^ the Wick ordered monomial : X :=: Yljex ^i^j) -fo- 

It remains to show that this definition also solves the problem of removing the self- 
contractions from the perturbation series. Let Ji, . . . JmiX C N be disjoint finite sets. 
A partition / G VlU^^^Ji U X), / = {/i, . . . ,Ik}, by definition has a self-contraction at 
a set Ji, I G {l,...,m}, if 3j E N, 1 < j < k, such that Ij C J^. The collection of 
all partitions / that do not have self-contractions at Ji for / = 1, . . . ,m is denoted by 

Proposition 5.2. Let Ji, . . . Jm o-nd X as above. Then 



k 



Ji:---: J^: X),„= ^ n(^')^o • (16) 



7gpWick(j^^...,j^.X) 1=1 
I={/l,.../fe} 



Proof. The proof is by induction over q = "^^i tl-^/. g = is just Definition 13. II Suppose 
that (jl6p holds up to g — 1. Then, by definition of Wick ordering. 



k k 
Qev(Jm) j=l 



J2 J2^--Ji:---:Jm-i::Qr-X).oll(Q^y^^ 

IV(Jm) j = l ! = 1 

= {Ql,...,Qj.}, fc>l iT^j 

(17) 

Application of the induction hypothesis to the right hand side yields 

E nw™- E E riw<>r,fi(fl'>™ 

jgpWick(j^_..._j^^_^.j^UX) 1 = 1 Q£V(Jm) P6-pWick(j^_...^j^_^.jf) ; = 1 l' = l 

/={/!,. ../fe} Q={Qi,-..Qfc} p={Pi.....Pj^,} 

- EE E flw".n«')".- (18) 



Q6-P(Jm) j = l P6T'Wick(j^_...,j^_^,Q^..jf) [1 = 1 1 = 1 



= {(3i,...,Qfe},fc>l P={Pi,...P,,} 



*Note that for / = {/i, . . . 4} with fc > 1, jj/j < jJX for j = 1, . . . , k. 
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In the first sum we find all partitions / of ^^LiJi U X that do not have self-contractions 
at Ji, . . . Jm-i- As in the second sum / = Q U P is a partition of the same set, we can 
identify this sum with the sum over all partitions / that do not have self-contractions at 
Ji, . . . , Jm-i and where all points from are contained in self-contractions. To complete 
the proof, the third sum finally has to be identified with the sum over all partitions that do 
not contain a self-contraction at Ji, . . . , Jm-i and do contain at least one self-contraction 
at Jm, however not all points in are being self-contacted. 

Let Q, j and P be given from the third sum. Then I = Q\{Qj}UP is such a partition: 
As Q\ {Qj} 7^ there are self-contractions at Jm, however the points in Qj ^ are not 
contained in a self-contraction. 

Let, on the other hand, J be a partition of ^^iJi U X from the set of partitions 
described above. Firstly, for Q G V{Jm), = k, we fix an enumeration l,...,k of 
the elements of Q (independently of /). Let Q = {Q' & I : Q' C J„} ^ 0, = 
Jm \ ^Q'egQ' 7^ and A; = HQ + 1 > 1. Let Q = Q U {Q^} G V{Jm) and j be the number 
of the element Q^. Furthermore, we set P = {P'n [U^^V^UQ^UX] : P' G /}\{0}. Then, 
P G V^^'^^{Ji, . . . Jm-i, Q'^', X) and we get a map from the prescribed set of partitions to 
the index set of the third sum. 

It is easy to check that the two maps between the described set of partitions and 
the index set of the third sum of (fTH|) (the other way round, respectively) that have 
been constructed in the preceding two paragraphs are the inverses of each other. Hence 
the correspondence between the two sets is one to one. Finally, the contribution to the 
third sum determined by Q,j and P coincides with the contribution associated to the 
corresponding / = I{Q,j, P). ■ 

We can now define the p-th Wick power : 0^ : (x) =: 0(xi) ■ ■ ■0(x„) : |xi,...,x„=a;- Obvi- 
ously, : 0^ : (x) is a polynomial in the random variable 0(x) with coefficients determined 
recursively according to Def. 15. II from the values of C„ = {4>^{x))'^^, n < p. By properties 
1. and 2. of uq (see Section |21), C„ is finite and by property 3. it does not depend on x. 
Hence, : 0^ :=: 0^ ij^g is a well-defined polynomial in G M. We also call this polynomial 
the p-th Wick power. The main result of this section is: 

Theorem 5.3. Let f (0) = J2p=o^p'P^ ^'^^ • "^(0) •= Ylp=o^p '■ 0^ •■ one replaces the 
interaction polynomial v by its Wick-ordered counterpart : v :, the perturbation series given 
in Theorem 1 ,7. ,51 remains the same with the only exception that all generalized Feynman 
graphs that contain self- contractions at inner full vertices are removed from the series. 

Proof. Note that a generalized Feynman graph has a self-contraction at an inner full 
vertex if and only if the corresponding partition (see Section |3J has a self-contraction at 
the corresponding set of points Ji, I = 1, . . . ,m (see also Figs.l and 4). The theorem thus 
follows from Proposition 15.21 ■ 

For a centered Gaussian measure. Wick ordering of the interaction vertex means that 
no dashed line (see Fig. 3) leaving the vertex can return to the same vertex, i.e. all Graphs 
containing a sub-graph = are deleted from the perturbation series. This 

is of course the well-known graphical meaning of Gaussian Wick-ordering. 
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Figure 5: Contributions to (: </'(cci) • • • (pixn) <t>{yi) ■ • • 4'{ym)- )uo for a) the Gaussian case for n = m, 
TT G Perm(n), and b) the non Gaussian case for n = 1, m > 1. 

In the centered Gaussian case, Wick ordered monomials : Ji :=: 0(xi) ■ ■ ■ :, 
: J2 :=: (f){yi) ■ ■ ■ (f){ym) '■ with a different number of points n ^ m are orthogonal 
in L^(z/o), as it is not possible to make pairings out of {xi, . . . ,Xn,yi, ■ ■ ■ ,ym} with- 
out getting at least one self-contraction at Ji = {xi, . . . ,Xn} or J2 = {yi,...,ym}- 
If n = m, the only possible contributions are those of Fig. 5 a), and hence (: Ji : 
: J2 ■)uo = (Sym ^^^i Sym Sy^)n with (., .)„ being the scalar product on TC'^"' 
and Ti. the one particle Hilbert space given by the closure of C^(]R'^) w.r.t. the inner 
product {u,h) = J^2dU(yX)h{y){(f){x)(j){y))i,Qdxdy, u,h & C^(M.'^). Using property 1. from 
Section |21 it is easy to prove that Sx G Ti. Sym stands for symmetrization. As the span 
of : J :, J C N is dense in L^(z/o), one obtains the Wiener-Ito- Segal isomorphism between 
L^(t'o) and the Bosonic Fock space over 7i. For the details we refer to |10| I23j. 

As a self-contraction •— o can not occur at a Wick-ordered interaction vertex (or a 
monomial), the above considerations also hold in the non-centered Gaussian case where 
Ci = ^ ^ . 

A functional measure uq is non-Gaussian if and only if 3n > 2 such that {(f){xi) ■ ■ ■ 
4>{xn))'^g 7^ for some values of Xi, . . . , a;„ G Mf^. Let m + 1 be the smallest such number 
and {xi, yi, . . . , y^} be a collection of points such that the truncated m + 1-point function 
does not vanish. Obviously, the L^i^i'o) inner product of : Ji : and : J2 Ji = {xi} and 
J2 = {yi, ■ ■ ■ ,ym}, consists out of only one non-zero contribution depicted graphically in 
Fig. 5 b). For non-Gaussian measures our graphical definition of Wick ordering does not 
give an orthogonal decomposition of L^(i/o)- 

Corollary 5.4. Wick ordering as defined in Def. I5.il gives an orthogonal decomposition 
o/L^ (z/q) in the sense of a Wiener- ltd -Segal isomorphism with the Bosonic Fock space if 
and only if z/q is Gaussian. 

To close this section, let us consider non-Gaussian some examples in c? = 2 where 
Wick ordering renders the entire perturbation series finite. If one however considers the 
non-Gaussian generalization of Nelsons free field given by Lcj) = rj with L = (— A + mQ)^/^ 
and rj a non-Gaussian noise field, i.e. 2; > in Q, see Section HI one can easily see 
from g{x) ~ l/|a;| for small |x| and Theorem 14.11 that Wick ordering does not remove all 
divergences: Take, e.g. for a : 0^ :-interaction in d = 2 the generalized Feynman graph 
in Fig. 1 which diverges logarithmically. For the models of Section 0J Wick-ordering in 
d = 2 thus is less efficient than in the Gaussian case. 

There is however a modification of these models [3j where Wick ordering in = 2 
dimensions removes all divergences. Here we briefiy recall the construction. Let r/ be a 
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Levy noise field, cf. Sectional and let rj he a Gaussian field with characteristic functional 
Cfj{h) = exp{-^ I V/ip dx}, heS with C2 as in jH)). V is the gradient on M'^. fj still 
is an infinite divisible, ultralocal field, i.e. a field that has no correlations at a distance. 
We study the linear SPDE L(j) = rj + fj for L = (—A + ttiq) where rj and rj are assumed 
to be independent. Let g be the Greens function of L. Then the solution (p of this SPDE 
has characteristic functional 



Performing the functional derivatives of logCi^g{h) ai h = one obtains that the truncated 
moment functions for n ^ 2 are given by (11). For n = 2 one obtains due to the correction 
term induced by ry: (0(x)0(?/))^^ = C2g{x — y) with C2 = C2/ml. 

The Feynman rules of Theorem 14 . 1 1 now change as follows: Put a propagator C2g{y — y') 
for all subgraphs y -o- y'. Then proceed as in Theorem 14. II for the remaining vertices and 
edges^. For the given L, the singularity of g{x) at x = is only logarithmic ~ log |x| 
and g{x) ~ g-™o|a;| ^^j. j^jj large. As there are no self-contractions in a Wick ordered gen. 
Feynman graph and arbitrary powers of g are integrable, one obtains: 

Theorem 5.5. Let d = 2 be the dimension of the underlying space, uq constructed as 
above and : v{(j)) := Ylp=o^p • • interaction density. Then the perturbation series of 
uq is free of divergences, i.e. the perturbation series of the ultra-violet regularized measures 
Vq with interaction densities : f(0) ■.^= Yl^p=o \ '■ 0^ '-^q converges term by term as e \ 0. 

Proof. Let G be a generalized Feynman graph. By the Feynman rules described above, 
all the values Va[G](xi, . . . , Xn) (up to constants) occur also in the perturbation theory of 
some Gaussian P(0)2-theory. The proof thus is essentially^" the same as in [TU] Lemma 
8.5.2 and Theorem 8.5.3. ■ 

We note that the models described in Theorem 15. 51 in particular include Nelson's free 
field, take ^ = in ©. For 2; > 0, the measures vq are non-Gaussian. Even though the 
truncated moment functions {(j){xi) ■ ■ ■ (t){xn))1^^ of such Vq are continuous functions for 
n > 3 and hence the constants = (0"(x))^6 are finite in the limit e \ 0, one cannot 
replace the Wick ordering in the perturbation series w.r.t. uq with the Wick-ordering 
w.r.t. a Gaussian measure with the same covariance functions if one wants to get a finite 
perturbation series. We take e.g. a : (jf interaction for a symmetric measure (cf. 
CoroUarv 13. 7|) . For p = 2 Gaussian and non-Gaussian Wick ordering coincide. For p = 4 
they still coincide up to a constant C4 that converges for e \ and can be neglected. 

^An alternative description is to draw generalized Feynman graphs with two kinds of edges, dotted 
and not, and inner empty vertices that have three or more legs (for 77 centered). Dotted edges go from 
full to full vertices, non-dotted edges from empty to full vertices. Then the graph can be evaluated as in 
Theorem 14. II if one multiplies with an extra £2 for each dotted edge. 

^°Here, infra-red cut-offs have to be treated slightly more carefully as empty vertices do not have such 
a cut-off. One can take this into account by integrating first over the empty vertices and then over the 
full ones. Note that every connected component of a generalized Feynman graph contains at least one 
full vertex that provides an IR-cut-off. 




(19) 
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For p = Q however, in the difference there is an additional constant term ~ C4C2 that 
diverges, but this can still be considered as an irrelevant ground state energy. Finally, for 
p = 8 there is a logarithmically divergent mass-counterterm ~ C4C2 : 0^ '-i,^ present in 
the non-Gaussian Wick ordering that is missing in the Gaussian one. This makes it clear 
that one cannot hope for a finite perturbation series using the wrong (Gaussian) Wick 
ordering if p > 8. 



6 Linked cluster theorem for generalized Feynman 
graphs 

In this section we solve the Problem 2 and the first part of Problem 4 of Section |2l i.e. 
we perturbatively calculate the free energy density /a = logZA/|A| and we prove the 
existence of the thermodynamic (TD) limit A y for each term in the perturbation 
series for a general uq with a sufficiently fast clustering, cf. property 4 of Section |21 F2. 
and Eq. (jSJ . The result is the expected one - only connected generalized Feynman graphs 
contribute to f\ - and can be seen as one of the many variations of the linked cluster 
theorem. As the method of proof, we do not use polymer systems, see e.g. 01^, but 
use bookkeeping of partitions instead. 

First we note that Z\{A, ^Xq, . . . pXp) = (e"'^^^)^^ is the Laplace transform of the 
random variable Va in the parameter /3 > 0. If we want to expand into powers Va, we 
can expand in powers of (3 and put /? = 1 afterwards. The this expansion of course is 
the one obtained in Section El for n = 0. If we now want to expand the free energy 
density f\ = /(A, Aq, . . . , Xp) = log ^a(A, Aq, . . . , Ap)/|A| into powers of V\, we can do the 
same for /(A, PXq, . . . , pXp). By the basic linked cluster theorem F4 in Section|l[ see also 
Appendix A, we get in the sense of formal power series 

l°g^^ = E^(^A"^)^^ (20) 

m=l 

where the superscript (T) means that in the combinatorics of Def. IH. II each of the m copies 
of Va is treated as one object, even if they contain higher powers of the field variables 
As already in the preceding section, the superscript T is reserved for the combinatorics in 
Def. 13.11 where each copy of is treated as one object. As the latter combinatorics is 
linked with generalized Feynman graphs, we have to expand (Va)1/P in terms of truncated 
moments ■ ■ ■ 4>{xn))'^^y The first step is to prove the (T)-truncated analogue of Eq. 

0, i.e. that one can interchange the truncated expectation and the integrals over A: 

Lemma 6.1. For Va defined as in Eq. 0) the following holds: 

{ynZ'= E / v---Ap,„(r(yi)---0^-(y™))iPrfyi---rfy... (21) 

J A™ 

Pl,...,Pm 

Here the superscript (T) means that in Def. VJ. 1\ each random variable (ff^{yi), I = 1, . . . ,m, 
and each of the m copies of Va is being treated as one object. 
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Proof. By Fubini's theorem ()21|) is true if we omit the (T) on both sides. For m = 1 

the (14)1^ = {Va)uo and {(j)"' iyi))Z^ = {(l>P'{yi))uo- Hence (0)) also holds for m = 1. For 
m > 1 we get by induction and Def. 13.11 that the difference between the left hand side 
and the right hand side of (j2H) without (T) consists only out of the truncated terms on 
both sides with the partition / = {{1, . . . ,m}} and hence out of the difference of both 
sides of ()21|) with the superscript (T). This difference must thus be zero. ■ 

Let Ji,...,Jm C N be disjoint sets. By definition, a partition I G V^U^^Ji) is 
connected w.r.t. the "blocks" Ji, . . . , J^,, in notation I G Vc{Ji, ■ ■ ■ , Jm), if for I = 
{/i,...,Jfc} ^1 < ii, . . . ,ig < k, 1 < q < k and 1 < ji, . . . , js < m, 1 < s < m 
such that Ul^^ili^ = U^^^^Jj^. Let X C N be the set outer full vertices, X fl J/ = 0, 
I = 1, . . . ,m. A partition / G V{U]^^Ji U X) is connected w.r.t the blocks Ji, . . . , Jm and 
the outer points X = {ki, . . . , if J G Vc{Ji, ■ ■ ■ , Jm, {ki}, ■ ■ ■ , {kn})- We then write 

A graph G is connected, if there exists an enumeration of its vertices such that each two 
subsequent vertices are connected by an edge. The set of connected generalized Feynman 
graphs with n outer full vertices and m inner full vertices is denoted by J-'c{n,m). 

Lemma 6.2. A generalized Feynman graph G G J-'{n,m) is connected if and only if 
the partition associated to G, cf. Lemma and Fig. 1, is connected w.r.t. the blocks 
Ji, . . . , Jm of the legs of the inner full vertices and points X of the outer full vertices. 

Proof. As we can treat the points in X = {ki, . . . , kn} as n additional blocks Jm+i = 
{ki}, . . . , Jm+n = {kn}, it sufficcs to provc the statement for n = 0. 

Let G G JFc(0, m) and / = {/i,...,/^} be the associated partition in 'P(U[^^Ji). 
From Section El it is clear that there exists a bijection between the full vertices of G 
and the sets { Ji, . . . Jm} and between the empty vertices and the sets {Ji, . . . , Ik}. Let 
{zi, ...ig}C{l,...,k} and {ji, . . . , C {1, . . . ,m} such that U^^^/j^ = U^^^J,-^. Then 
all edges from inner full vertices associated to one Jj with index j in {ji, ■ ■ ■ , js} go 
to an empty vertex associated with an Jj with i G {ii, . . . ,iq} and vice versa. Hence 
no edge leaves/comes into the subgraph G' C G that consists out of the full vertices 
labelled by {ji, . . .js} and the empty ones labelled by {^i, . . .ig} and all the edges between 
these vertices. By connectedness of G, G' = G. Hence {ii,...,ig} = {!,..., A;} and 
{3i,---,3s} = {!,..., m}. 

Conversely, let / G Vc{Ji, ■ ■ ■ , Jm), I = {h, ■ ■ ■ , h}, be connected and G the associated 
generalized Feynman graph and G' be a maximal connected subgraph of G. Let {ii, . . . ig} 
and {ji, . . . ,js} be the index sets of the empty respectively full vertices of G' obtained 
through the identification of full inner vertices with sets { Ji, . . . , J^} and empty inner 
vertices with {/i,.../^}. As G' is maximal, all edges in G connected to a vertex in 
G' are in G', hence U^^j^/j^ = U^^j^Jj^. From the connectedness of / it follows that 
{ii,...,ig} = {!,..., fc} and {ji,...,js} = {!,..., m}. Hence G' = G. ■ 

Proposition 6.3. Let Ji, . . . , ^ disjoint sets and ( Ji ■ ■ ■ Jm)vo^ be the truncated 
moment where each random variable Ji, . . . , Jm in the combinatorics of Def VJ.l\ is treated 
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as one object. Then this "block truncated" moment has the following expansion into 
truncated moments {4>{xi) ■ ■ ■ 4'{xn))1^: 



(J, ■■■J 



IeVc(Jl,...,Jni) 1 = 1 

I={Il,...,Ik) 



(22) 



Proof. Note that the ordinary moment functions determine the (block) truncated mo- 
ments and vice versa. Hence, ()22|1 holds if and only if the right hand side of this equation 
fulfills the defining equation for the left hand side, i.e. if and only if for all m e N 



\Jl ' ' ' Jm) I 



E n 

I€V{l,...,,n} 1 = 1 



E 



T 



Ls, 



(23) 



holds. Given / = {ii, . . . ,is} C {1, . . . , m}, we have introduced the notation Vc{Jq : q E I) 
for Vc{Jh,- --.Jis)- 

On the other hand, we can expand the left hand side of (f^^ into truncated moment 
functions 



(Ji • ■ ■ Jm) 



•^0 



E n(«'> 

j?={i?i,...,flfc} 



(24) 



k 



and we have to prove that the right hand side of (j25|) equals the right hand side of 

Given I G V{1, . . . , m}, / = {A, . . . , 4} and Qi G V^Jg ■ q & k) for / = 1, , 
one gets a partition R = R{I,Qi, . . . ,Qk) from 'P(Uj!i]^J;) setting R = UfL^Q;- The 
corresponding contributions to the right hand side of (|23p and (j24j) are obviously equal. 
It remains to prove that the mapping R{I, Qi, . . . , Qk) from the index set of the total sum 
on the right hand side of (PHj) to V{\S{L^Ji) is one to one. 

Again, this can be proven by construction of the inverse mapping. Let R G ^(U]!^!^;) 
be given. For 1 < g < j < m we say that R connects q and j, in notation q j, 
if the full inner vertices corresponding to Jq and J,, respectively, are connected in the 
generalized Feynman graph corresponding to i?, cf. Section |21 Obviously, is an 
equivalence relation on {1, ... , m}. Let / = {/i, . . . , Ik} be the equivalence classes of 
then / G V{1, . . . , m}. For / = 1, . . . , fc, let = {R & R : R ^ Uggj, J^}. It remains to 
show that Qi G Vc{Jq : q E Ii). 



Firstly, Qi = {Q 



1,1, ■ • • 5 

k 



Qi,ki} ^ ^{^qehJq)- If iiot, then there are some points in 
Ugfzj^Jg that are not in U^'^^iQi^g^. A set -R G i? that contains at least one of these points, 
say from Jg for q & Ii, can not contain any point from Jj, j ^ Ii, as this would imply 
that one can go in the graph corresponding to R from the full inner vertex Jg to Jj via 
the empty vertex R in contradiction with q T^i? j. Hence R E Qi, but this contradicts the 
assumption that R contains at least one element ^ U^'^^^Qi^^j. 

Secondly, Qi is a connected partition with respect to Jg,q G as the subgraph with 
full inner vertices Jg, q G and empty inner vertices Qi^sp Si = 1, . . . , fc;, in the graph 
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associated to R by definition of is connected. An application of Lemma f6.2l therefore 
concludes the proof. ■ 

Combination of Lemmas 16.11 16.21 and Proposition 16.31 now gives the general linked 
cluster theorem: 

Theorem 6.4. The perturbations series of log^A for the energy density v{(f)) = 
Ylp=o^p4>^ only contains the connected generalized Feynman graphs, i.e. in the sense 
of formal power series one gets 

m=l G&J^a{0,m) 

Let pWick( . . . , J^; X) be the intersection of Vc{Ji, ...,Jm]X) and P^ick^ _ _ ^ 
Jm'iX) and let jFy^'^'^(n, m) be the collection of connected generalized Feynman graphs 
without self-contractions at the inner full vertices. The generalization of Lemmas 16. 1116.21 
and Prop. 16. 31 to the Wick ordered case is straight forward. One obtains the Wick ordered 
version of the general linked cluster theorem: 

Corollary 6.5. // one replaces v{(j)) by its Wick ordered counterpart, \25]] still holds if 
one restricts the sum on the right hand side to J-'^^^^^iQ.m) . 

The main application of linked cluster expansions in statistical mechanics is to prove 
the existence of the free energy density in the TD limit and to obtain an approximative 
formula for it. Here, for simplicity, we restrict to short range forces. The adequate 
formulation is as follows: Let z/q be a measure with exponential clustering, i.e. 3mo > 
such that for X, F C N, \{XY)^^ - < D exp{-mo F)} where D is a 

constant depending only-*^^ on jjX and jjF and rf(X, Y) = min{|a;j — yi\ : j E X,l E Y} is 
the minimal distance between the points in X and Y. It is well-known, see e.g. j2II|, that 
this is equivalent with \{XY)lJ < D' exp{-mo d{X,Y)} for D' = D'{\^X4Y) another 
constant. This is just a more precise statement of F2. For the convenience of the reader 
we give a proof of this statement in Appendix A. 

The TD limit is to let A M'^ in the sense of Van Hove, cf p. 14] and Appendix 
ini below. 

Theorem 6.6. Let uq be a measure with exponential clustering and v{(j)) = Ylp=o^p4'^ 
the energy density. Then the perturbation series for the free energy density f\ converges 
in the sense of formal power series. The limit f = lim./^y^d f\ is given by 

f = J2-^ E ^'[^] (26) 
^-^ ml ^-^ 

m=l GGJf'c(0,m) 

where V'[G] is obtained from the same Feynman rules as Va, cf. Theorem \3.3. with the 
only difference that the integration over one inner full vertex is omitted}"^ and A in the 
remaining integrations is replaced by . 

^^In the non uv-regular situation things are getting sHghtly more comphcatcd, cf. Section |S| 
^^Note that by the translation invariance of vq, the result for V' does not depend on the argument 
yi G M.'^ or the choice Z = 1, . . . , m of this inner full vertex. 
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// one Wick orders f (0), H2(^) still holds for the sum on the right hand side restricted 
to graphs without self-contractions . 

Proof. We have to prove that hniA^K'' Va[G]/|A| = V[G] for all G e J^c(0,m). We 
thus have to prove that the integrand in the Feynman rules for G fulfills the conditions 
on I{yi, . . . lUm) in Appendix B. Obviously, it is translation invariant. As the measures 
under discussion are uv-regularized, one can prove (j4H) for 5 = 0. 

Let Hi and ?/2 be the values attached to two inner full vertices. As G is connected, there 
is a path on G from yi to y2 passing through at most < nii < m — 2 inner full vertices 
and < m2 < m — 1 inner empty vertices. On the path from yi to y2 there must be at 
least one of the mi steps from one inner full vertex to its successor vertex of the same kind 
that is > \yi — y2\/^i- Let n be the number of legs of the inner empty vertex that has been 
passed during this step. Then the n arguments of the corresponding truncated function 
can be divided into two groups with a minimal mutual distance of \yi — y2\/min. By the 
cluster hypothesis this leads to a decay of the integrand < C exp{ — {mo/min)\yi — y2\} 
for C sufficiently large. 

Let now yi = and y2, ■ ■ ■ ,ym be the remaining values assigned to the inner full 
vertices. Note that J2h=2 Ivil < — 1) niax{|?/i| : L = 2, . . . , m}, hence the integrand of 
Va(G') fulfills the estimate (PT|) for M = rnQ/im^n) where n is the maximal number of 
legs at an empty vertex in ^-"(0,777.), i.e. n = mp. ■ 

It is easy to verify the exponential clustering for the models of Section 4 provided 
that \g{x)\ < exp{— mo|x|}, see (11) and also |lj. Hence Theorem 16.41 applies to these 
measures. This is also true for the two-dimensional models described in Theorem 15. 5|, 
as the proof of the above theorem can be easily adapted to the case where logarithmic 
divergences occur at coinciding points of the integrand, cf. Appendix El 



7 TD limit of (truncated) moment functions 

In this short section we apply the results of Section IHl to the generating functionals of 
the truncated moment functions of the interacting measure z/a in order to complete the 
solution of Problems 3 and 4 of Section |21 Apart from the input from Section IHl the 
methods we use here are more or less standard, see e.g. [U]. 

For h e S, let Vh{(t)) = Y.l=oiK ~ iSi,ph)(f)P be the energy density v{(t>) = Y7p=o K'P^ 
with an additional "Schwinger term-*^^" —ih(f). Let Va,/i(0) = f^Vh{4>)dx and Z/^{h) = 
(e-^A'")^,. Obviously, = ZA^(e^<'^'^>e-^'^)^, = Za(/i)/Za for h e S, supp/i C A. 

Hence, Cj (h) = log Zi^iji) — log Za and 



{(p{Xi) ■ ■ ■ (p{Xn))l, = {-i 



T ^ S-\ogZj,{h) 



for xi, . . . , a;„ e A, n eN. (27) 

h=0 



^•^Here the imaginary unit i = \/"-T in front of the Schwinger term has been chosen in order to match 
with our conventions that the generating functional is the characteristic function, i.e. the (functional) 
Fourier transform and not the Laplace transform. 
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We want to find a graphical expression for ()27|) . Let jF^^ (m) be the collection of connected 
generalized Feynman graphs without outer vertices and with one additional type of inner 
full vertex (henceforth called Schwinger vertex) such that the total number of inner full 
vertices is m. The additional vertex type has one leg and corresponds to the Schwinger 
term. For G G J-'f^'{rn) and h & S let VA[G]{h) be the value obtained according to the 
Feynman rules Def. 13.41 where —ih is the coupling constant for the additional one-legged 
vertex. Then, by TheoremlHill \ogZi^{h) = X)m=i ^GeJ^s^-{m) '^A[G]ih) holds in the 
sense of power series in the formal parameters Xq, . . . , Xp, h. Inserting this into (|77j). one 
gets for Xi, . . . , x„ G A, n G N 



(2J 



ml 6(f)(xi) ■ ■ ■ 5d)(xn) 

For G G ™' (m) let n' be the number of the one-legged inner full vertices corresponding 



to the Schwinger term in the energy density. Then, 



S"VA[G]{h) 



h=0 



if ra' 7^ n and 



s'^VAiGm 



S(f){Xi) ■ ■■6(f){Xn) 



_ =Hr E VA[G'](a;.„...,a;.J (29) 

(TePcrm(r!,) 



if n' = n and G' G J-'c{n, m — n) is the graph obtained from G by replacing all Schwinger 
vertices with outer full vertices. Perm(r;,) is the permutation group of n objects. Obviously, 
all graphs from J-'c{n, m — n) can be obtained in this way from some G G J?-f"'(m). 

For a generic G G J^f"-(m), each of its m inner full vertices can be a Schwinger vertex 
or not. If one has to choose exactly n from m vertices to become Schwinger vertices, 
there are thus (^) possibilities. Once this choice has been done, every permutation of 
the n Schwinger vertices and the m — n remaining inner full vertices leads to a distinct 
G' as full vertices are distinguishable. The covering {G G : G has n Schwinger 

vertices} 3 G ^ G' & J-'c{n,m — n) thus is (^)-fold. Using this and inserting into 
(PS|) one obtains 

oo / '\\m 

(<^(^i) ■ ■ ■ <i>M)l, = E ^ ^' (D 5Z MG]ix„ . . . , a;„). (30) 

m=n ' G&Tc{n,m-n) 

The factor n! stems from the sum over Perm(n) in (j^^ . Re-arranging ()3Up in powers of 
the formal parameters Aq, . . . , Ap then yields 

Theorem 7.1. For n G N and Xi, . . . ,x„ G A the truncated moment functions of the 
interacting measure v\ are given by the formal power series 

{<Pixi)---<P{xn))l, = J2-^ E Va[G](xi,...,x„). (31) 

Let uq have the exponential clustering property. Then, the right hand side of converges 
to {(pixi) ■ ■ ■ (l){xn))1 as A y M.'^ which is understood here as the formal power series given 
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on the r.h.s. of / T^) with Va[G]{xi, . . . ,Xn) replaced by V[G]{xi, . . . ,Xn) ■ The latter 
expression is obtained through the Feynman rules as in Definition \3.J\ with the integration 
over the inner full vertices extended over all R'^. 

Proof. Only the convergence in the TD Umit VA[G](a;i, . . . V[G]{xi, . . . as 

A Z' M'^ needs to be proven. 

As G is connected and vq is clustering exponentially fast, one can apply arguments sim- 
ilar to those in the proof of Theorem 16. 61 to prove that the integrand in Va[G] (xi, . . . , x„)is 
of exponential decay if any of the values attached to the inner full vertices becomes sep- 
arated from any of the outer points Xi, . . . , Xn G W^. Thus, the assertion of the theorem 
follows from Lebesgue's theorem of dominated convergence. ■ 

Let m) be the collection of generalized Feynman graphs with m inner full vertices 
and n outer full vertices such that any connected component of G contains at least one 
outer full vertex. Using Theorem 17.11 in combination with Def . 13.11 gives: 

Corollary 7.2. As a formal power series, the moment functions of the interacting mea- 
sure V = lim^v /M.d v\ are given by 

(</)(xi)---0(x„)), = 5^^^ V[G](a;i,...,x„). (32) 

™=0 ' G(iT{n,m) 

This completes the solution of Problem 4 in Section |21 Clearly, when replacing f(0) 
with its Wick-ordered counterpart. Theorem 17.11 and Corollary 17.21 remain true if one 
restricts the sums on the right hand side of (j31|) and (j32p . respectively, to gen. Feynman 
graphs without self-contractions. An extension to the models described in Theorem 15.51 
is also straight forward, cf. the last paragraph of Section IHl 

8 Classical particles in the grand canonical ensemble 

In this section we apply the results of the two preceding sections to the models of Section 
4. We start with a summary of the physical interpretation of these models, see also jH IH] : 
Let in (P) be z > and a, cr^ = 0, i.e. ip{t) is purely Poisson. We again consider the 
measure po associated with Cp^i^h) = exp{J^a i'ih) dx}, h E S. The coordinate process rj is 
a marked Poisson process with intensity z, where the mark space is M and the distribution 
of marks r. In other words, rj has the interpretation of noninteracting classical, continuous 
particles in the configurational grand canonical ensemble with activity z, see e.g. PU] . 
where each particle carries a r-distributed random charge with r as in Q. The random 
field (j) = g * rj obtained as the solution of Lcj) = rj then has the natural interpretation 
as a static (short range) field associated to the charge distribution rj. The interaction 
of the system of charged particles rj can then be defined as U\{ri) = V\{g * r]) with 
Va(0) = /^f(0) dx where we have tacitly uv-regularized the kernel g = ge which implies 
that the random field (f) has continuous paths, or, equivalently that vq = z/q, the probability 
measure associated with 0, fulfills property 1 of Section 2. 
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The grand canonical partition function is defined as Sa = {^~^^^)po with j3 = the 
inverse temperature, ks is Boltzmann's constant. Note that z/q is the image measure of po 
under the mapping S'3r]—>-(j) = g*riES'. By the transformation formula of measures 

2a = (e-^^'^)po = (e-^^^).o = ^A- (33) 

Hence, for v{(j)) = Ylp=o^p^^^ expansion obtained in Theorem 16.61 in combination 
with the Feynman rules Theorem 14. II is vahd for Pp{P, z) = limA/Rd logSA(/?)/|A| where 
p{P,z) is the pressure function, cf. |20, Theorem 3.4.6.]. 

Furthermore, let dp\{T]) = S]^^ e~l^'^^^'^^ dpo^r]) be the interacting grand canonical mea- 
sure, then the transformation formula yields 

ivixi) ■ ■■vM)p, = {{L<P){xr) ■ ■ ■ {L<P){xn))., = ■ ■ ■ (34) 

This obviously implies ■ ■ ■ rj{xn))^^ = L®"(0(a;i) ■ ■ ■ 0(xn))^^. Summarizing the 

above discussion, we get 

Theorem 8.1. The expansions obtained for the (truncated) moment functions in Theorem 
\7. 1\ and Corollary holds also for the (truncated) moments of the interacting grand- 
canonical measure pA if VaIG] defined in Theorem \4.1\ is modified in the sense that for 

an edge connecting an inner empty and an outer full vertex the propagator function 
g{x — z) is replaced with a Dirac delta function^^ 5{x — z). 

In particular, the TD-limit of the (truncated) moments {rj{xi) ■ ■ ■ ri{xn))^ = limA^Rd 
{r]{xi) ■ ■■ri{xn))l^ "-^^ ivi^i) ■ ■■'nM)p = limA/'Md(?7(xi) ■ ■ ■?7(a;„))p^ exists in the sense 
of formal power series. Furthermore, the pressure function p{P, z) in the sense of formal 
power series is given by ksT times the right hand side of \2b]] . 

Let us go one step further and consider the case where in Q 2; > and > 0. 
There is a Gaussian and a (marked) Poisson contribution to the random field 77. While 
the Poisson contribution is interpreted as grand canonic ensemble of mesoscopic charged 
particles, the Gaussian contribution can be interpreted as a white noise fiuctuation of the 
charge density due to microscopic particles. The random field rj now stands for the total 
random charge distribution containing the mesosopic and the microscopic part. The above 
analysis can be repeated word by word and Theorem 18.11 also gives the expansions of the 
pressure and the (truncated) moment functions of the given mixed system containing two 
clearly separated scales. It is also clear, that there is Wick-ordered version of Theorem 

EU 

"'^^Even though there is some similarity, the Feynman rules in this theorem should not be mixed up 
with the Feynman rules for the amputated Green's functions in the calculation of effective actions in the 
renormalization group 

^^In fact, the Gaussian part can be seen as the scaling limit of a Poisson contribution, rjz, neutral 
in average, where the intensity z 00 and the charges are being scaled ~ Yj^fz. I.e. in (|5J) we take 
cr^ = 0, a = and r, fulfilling c\ ~ 0, is replaced with ^^(yl) — r{y/zA) for A C M"* measurable. Taking 
the limit \im.z^oo4'zit) — C2t^/2 implies that r\z converges in law to a Gaussian white noise as z — > 00, 
cf. 01 |S] for the details. 
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Having set the frame, we want to do calculations for some specific examples, where the 
diagrammatic structure is particularly simple. This is e.g. the case, when the measure uq is 
symmetric and all inner empty vertices with an odd number of legs vanish, cf. Corollary 
13.71 In the given situation, this can be achieved choosing the charge distribution r of 
the non-interacting gas symmetric, r{—A) = r{A) \/A C M measurable, and a = which 
implies c„ = for odd n G 2N+1. Furthermore, the simplest non-trivial kind of interaction 
is f (0) = A20^ for A2 > 0. Here we do not use Wick-ordering as it is more difficult to 
interpret and the only term it removes in the expansion of the free energy density is the 
first order contribution, which is easy to calculate. 

To understand this interaction, let f] = Ym=i ^i^vi ^ finite, discrete charge distri- 
bution and U{ri) = V{g * rj) = J^^v^cj)) dx is the potential energy without cut-offs. One 
obtains 

„ / n \ ^ ?i n 

U{ri) = X2 l^sig{yi-y)\ dy = ^ SjSigi{yj - yi) + ^sfgi{0), (35) 
^^"^ \i=i J j,i=i 1=1 

where gi = * 9- The second sum on the right hand side of (jH^j) can be seen as 
self energy term or a (negative) chemical potential that depends on the charge s of the 
particle. It can be removed by an adaptation of z and r}^ The first sum is a usual pair 
interaction potential for charged particles. A cff interaction would also contain /-body 
potentials for / < p. 

We want to calculate the free energy density / = /?p(-2, [3) for small (3 and z (low 
density high temperature regime). In the diagrammatic expansion given in Theorem 16.61 
only two-legged interaction vertices appear. Like in Fig. 3 in Section EJ we can introduce a 

new type of edge denoted by a thin line — = and we get that the gen. Feynman 

graphs of m-th order are exactly all graphs with an arbitrary number of indistinguishable 
inner empty vertices with an arbitrary number of indistinguishable legs and exactly m 
"thin" edges connecting two inner empty vertices. We note that, as the legs of — •— are 
distinguishable, the thin edge has to be treated as a directed edge in order to get the right 
multiplicity of a given graph. The evaluation rules V'[G\ for a graph of this new type are 
simply to replace each thin edge by gi and to multiply with c„ for each inner empty vertex 
with n legs. Then one integrates over all but one of the inner empty vertices. That this 
description in fact gives the right rules, i.e. that the infra-red cut-off A in the TD limit 
can be shifted from the integration over the inner full vertices to the inner empty vertices, 
follows from the argument of Appendix iBl 

Figure 6 shows the graphs G that are contributing to the free energy density up to 
fourth order together with their multiplicity and value V'[G]. cjn = gl"' is the ra-fold 
convolution of gi with itself. 

Let us consider a simple example in d = 2 dimensions with only two kinds of charge 
±c, i.e. Cn = 52,nO"^ + c'^z/2, a being the intensity of the Gaussian background, and L = 

I'^Take e.g. the simplest case where r = {6c + S-c)/'2 and sf = > 0. As z = {2'kM / PY^'^e^^^ with 
M > {) the mass of the particles (assumed to be equal for particles with positive and negative charge) 
and /i the chemical potential, one can compensate the self energy term by replacing /i with /i + c^gi{Q). 
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1) 2) 3) 

m = 1, u = 1 m = 2, u = 1 m = 2, u = 2 

V = C2ji(0) V = C49i(0)^ V = cl92(0) 




4) 5) cm:^ 6) 

m — 3, u — 1 m — 3, u — 12 m — 3, u — 8 

y = C6^i(0)3 V = C4C2ff2(0)5l(0) V = Ci^3(0) 



7) 8) oC^^^ 9) O: 

m = 4, M = l m = 4, ^ = 24 m = 4, ii = 24 

V = Cs~gM^ y = Cl^2(0)^l(0)2 V = C6C2^2(0)^l(0)2 



10)C^D 11) 12)( 

m = 4. ?7, = 8 m = 4, -u = 48 m = 4. u = 96 

y = cl Jr. ~gt dx V = c^clU^f V = cic4^3(0)^i(0) 




m = 4, -u = 48 
V = 4^4(0) 



Figure 6: Graphs for the gas of charged particles, neutral in average, with pair interaction up to fourth 
order, m =order, u =multiplicity, V'=value. 
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(—A + ml) with niQ the range of the interaction. We get that g{x) = {2tt) ^ ([^12+^^) 

X e*'^'^ dk diverges logarithmically at 0. The measure uq thus does not fulfill property 
1 of Section 2. In fact, the Poisson contribution to the random field 77 associated to po 
has discrete support and the random field (p = g * r] has singularities on the support of 
the Poisson part of 77. However, by choosing the interaction to be 0^, we see that only 
9i = ^2 9 * 9 enters into the perturbation series which is a continuous function for d < 4. 
The uv-cut-offs therefore can be removed from the perturbation series. 

The perturbation coefficients up to forth order can now be calculated explicitly by 
solution of rather elementary integrals: 

/■°° n do rr?'^"^ 
ln/r,^^-l / — \n '"'0 



and 



5„(o) = A;(2.)-y^ = (36) 



/ gjdx = A5(27r)-« / [ / 



((|A; — + mo)^(|gP + mg)^ 
This gives the following equation of state: 



2 

dq 



p{z,a,c,f3,X2,mo) = -A2 ^^^^ ^ ~ V 



32mQ7r^ QitlqIT 



+ 



24 V512m87r4 ^ 32m^07r3 ^ lemJOvr^ ^ 32m67r3 

(^2^|^2)2^^4 3(^2 ^ |^2)2^^4 I2{a'' + lc^Y\ 



Remark 8.2. The graphs that one obtains for the ^^.interaction are obviously very 
similar to those of the Mayer series ^Hl 1201 HZ] ■ If there is only one type of particles 
with charge c, the main difference (neglecting combinatorial matters) is that in the Mayer 
series edges are evaluated with the Mayer function w{yi — 1/2) = e"^'^ 91(2/1-2/2) _ ]^ instead 
of ^1(1/1 — 1/2), which of course is a big advantage if the two point potential gi has a 
(repulsive) singularity at zero as e.g. in the case of the Lennard- Jones potential. In 
such cases, the perturbation expansion given in this article becomes plagued by very non- 
trivial uv-singularities but the Mayer series is not. This is the reason why the perturbetion 
expansion, though in principle known to physicists, see e.g. ^} Sect. 3.3, Eq. 42], is not 
particularly popular. The Mayer series for the gas of particles with two types of charges 
±c however also contains the Mayer function w(?/i — ?/2, +, ~) = ^'^^^ 9i{yi-y2) _ i f^j. 
interaction of a + charge with a — charge which is more singular than gi{x — y). Also, 
the analytic calculation in low orders of the graphs including "propagators" gi{yi — ?/2) 
seems to be more easy than for the propagators w{yi — y2)- In some particular situations, 
there might therefore be some physical interest in the derived series expansion, even 
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though it is not the objective of this article to solve a concrete physical problem in the 
thermodynamics of gases, fluids or electrolytes. ■ 

At the end of this section, we want to give some brief and non technical remarks on the 
uv-problem, leaving most of the work for the future. If the measure z/q from Section |3] is 
not Gaussian and gi{y) for ?/ — > has an algebraic singularity ~ \y\~^, > 0, already the 
0^-perturbation series is not power-counting renormalizable: If one e.g. considers graphs 
of the kind 3) and 10) in Fig. 6 for an arbitrary (even) number m of legs, one gets the 
suspicious degree of divergence mO — d. 

Nevertheless, if one takes a look ()35|) in the special situation where there is only one 
type of particle with charge c > 0, one can see that a simple 1st order local counterterm 
(i.e. a chemical potential) with Ai = —cgli^)/ f^^ gdx removes all singularities in the 
limit e \ 0. This is in striking contrast with the non-renormalizability. 

We say that a graph has a self-contraction of the second kind if a subgraph Qd occurs, 
cf. the graphs 1), 2), 4), 5), 7), 8), 9) and 12) of Fig. 6. If one includes the above counter 
term into the perturbation series for the system with only one particle species, one can 
prove that all self-contractions of 2nd kind are being removed from the series. In fact, for 
each such graph, there is exactly one other graph where the self-contraction of the 2nd 
kind is replaced by Q-® , with ® the interaction vertex of the linear counterterm. It is 
therefore clear that self-contractions of 2nd kind are caused by the self-energy terms on 
the right hand side of 

This observation has two immediate consequences: Firstly, in the case where gi{y) 
has an algebraic singularity at 0, the perturbation series remains non-power counting 
renormalizable, even though it can be "summed up" and then gives a finite result |2()j . 

Secondly, if the singularity of gi{y) at ?/ = is only logarithmic, the self-contractions 
of 2nd kind are the only source of divergences^^, cf. the proof of Theorem 15.51 for 
the uv-finiteness of 2nd-self-contraction free graphs. The given choice of the countert- 
erm removes the uv-divergences from the perturbation series. This e.g. occurs in the 
cases d = A and L = (-A + mg), d = 2 and L = (-A + mg)^/^ or = 2, L = 
(—A + ml) and Va(0) = A2 \V(f)\'^dx is of gradient type leading to a pair potential 

gi{x) = {2tt)~^ (|fc|2^^2)2 e*^'^' dk with equally strong repulsive and attractive parts, i.e. 

/iR2 gi dx = 0. 

A Facts about truncation 

For the convenience of the reader, we give proofs of the well-known facts Fl) - F4) on 
the combinatorics of truncation starting with F4): 

Lemma A.l. Let u : C C for C an open set in S he infinitely often partial differentiahle 
and let w : C ^ C be analytic on an open neighborhood of u{C). Then for {hn}nm ^ <S 

^^The situation has some similarity with Gaussian 0^-theory in d = 3 dimensions (take L = (—A + 
TOq)^/^), where there is also just one subgraph (see Fig. 3) causing logarithmic divergences. 
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and J C N finite 



djW ou = ^ w^'^-' o u ^ Y\ l^h 



u 



(39) 



k=l 



ler(j) 1=1 



holds on C . Here Oa 



n 



d 

jeA dh. 



for y4 C N finite and w^^\z) = ( ^ 



{z) 



The proof is by use of Leibnitz' chain rule and induction over jj J, details can be found 
in Pl Lemma 3.3]. The application of this generalized chain rule to J = {1, . . . , n}, u = 

C^iO) = 0) and w the exponential function, evaluation at G 5 and doing the limit 
hi —>■ Sxi, I & J, establishes fact F4. We note that in Lemma fA. II one can also replace S 
with M_|_ = [0, oo) and do right derivatives at zero for u infinitely often right differentiable, 
as required in Eq. (|2(J|) . Fl) is immediate from F4). 

We prove F2) in the form required in Section IHl Let X, F C N disjoint, then 

k 

{XY),,-{X), Yl U^^i)l- (40) 

I£Vc{X,Y) 1=1 

As / G Vc{X, Y) there exists at least one / = 1, . . . ,k such that X; = J; fl X 7^ 
and Yi = Ii r\Y ^ 0. If the truncated moment functions vanish exponentially for large 
separation of their arguments, we get that each term in the sum on the right hand side 
contains at least factor < D' exp{—mQd{Xi,Yi)} < D'exp{— mo^(X, y)}. The 

right hand side thus vanishes exponentially for large separation of X and Y. 

Conversely, let z/q have the exponential clustering property. We proceed by induction 
over n = tlx + ^Y. If we set (0)3|, = and rf(X, 0) = 0, the assertion \{XY)lJ < 
D' exp{—mod{X,Y)} is trivial for n = 0. Suppose that it holds up to n — 1, then each 
term on the right hand side of ()4()|1 except for the term I = {X UY} contains at least one 
factor on which the induction hypothesis applies and which thus vanishes exponentially 
fast as X and Y get separated. As the left hand side also vanishes exponentially fast, this 
must also apply to this remaining term I = {X U Y}. Hence F2) holds. 

To get F3), consider Eq. If n is odd, for each partition / = {Ji, . . . , Ik} on the 
right hand side there exists at least one / G {1, . . . ,k} such that jjJ; is odd. Hence the 
vanishing of for J C N with jjj odd implies the vanishing of the left hand side of 
®. 

Let conversely the odd moments of z/q be vanishing. We proceed by induction over I 
and let tlX = 2/ + 1. For / = we get (X)^^ = (X)^^ = 0. Suppose that (X)^^ = for 
odd tlx < 2/ + 1 = n. Hence all term on the right hand side of (jH)) except for the one with 
I = {{1, . . . , n}} vanish. But the left hand side is zero, and this remaining term therefore 
must be zero, too. 
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B TD limit for certain integrals 

Let I{yi, . . . , Um) be a translation invariant function such that 

^ m 



1^(2/1, 2/2, •••,1/m) I < C 



\ 



1 + ^5^ ^{\m-yA<i}{y3 - 2/01 log \yi - 2/iir 



V 



X 



exp{-M^|y,-yi|} (41) 



1=2 



dy 



for some n G N and M, B,C > 0. 1a stands for the indicator function of the set A. Then 
the following holds in the TD limit: 

TTT / Hyi,---,ym)dyi---dy^= I I{0,y2, . . . ,ym) dy2 ■ ■ ■ dy^. (42) 

In fact, by Fubini's theorem and translation invariance 

TXT / ^(2/1, • • • ,2/m) c?2/i ■ ■ -c^l/m = TTT /" / I{0,y2, . . . ,ym) dy2- ■ ■ dyr, 

(43) 

where Aj^^ = A — yi. We consider the expression in the brackets [■ ■ ■] as a function of yi 
and we obtain 

[■■■]= / ^(0,2/2, ••• ,2/m) C?2/l ■■ ■C?2/m 

J]Rd{m-l) 

- ^(-1)'+M / / /(0,2/2,...,y™)rf2/2---rf2/^. (44) 

We want to get an estimate for the sum on the right hand side of (j44j) : Using (j4ip one 
obtains 



m-2 



i+i 



1=0 



\ I \m — 2 — l 
VI ) ^ ^^Vl 



/(0,?/2, • • • ,2/m) dy2---dy„ 



< C{m-1] 



e-^'^y^dy + Bm I | log |?/| p rfy ) m(?/i,A) (45) 
'{|j/l<i} 



m-2 



where u(?/i, A) = /jj^^^e ^^IJ' ^^'(l + 51{|j^_yj|<i}| log |") dy. Hence, for C" > large 

enough. 



|A| 



I{yi,...,ym)dyi---dy„ 



(m-l) 



H0,y2,---,ym)dy2---dy„ 



<C'^J^u{yuA)dy, (46) 
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We note that u(yi,A) < C"e 2'^(^^'?'i) for ?/i G A where d(dA,yi) stands for the distance 
from i/i to the boundary of A and C" = J^^ e 2"lyl(l + B\ log |?/||") dy. Let daA = {?/ G 
A : d{dA,yi) < a}, then 



holds for all a > 0. As convergence A y M.'^ in the sense of Van Hove means that 
|9aA|/|A| ^ Va > in the TD limit, the right hand side of ^7\i and hence (jlUj) can be 
made arbitrarily small for A in the TD limit sufficiently large. This proves equation P2|) . 
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